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NUMERICAL SOLUTION OF THE STEFAN'S PROBLEM
Ðàññìîòðåíû âñå íàèáîëåå èçâåñòíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷è Ñòå-
ôàíà, à òàêæå íîâûé ìåòîä, ðàçðàáîòàííûé àâòîðàìè, ñ öåëüþ âûáîðà íàèáîëåå 
ýôôåêòèâíîãî èç íèõ ñ ïîçèöèé òî÷íîñòè è ñêîðîñòè ðàñ÷åòîâ. Ñðàâíåíèå ïðî-
âîäèëîñü íà ðåçóëüòàòàõ ðåøåíèÿ çàäà÷è äâèæåíèÿ ãðàíèöû ôàçîâîãî ïåðåõîäà 
«ëåä-âîäà» âîêðóã âåðòèêàëüíîé ñêâàæèíû, ïðîõîäÿùåé ñêâîçü òîëùó ìíîãîëåòíèõ 
ìåðçëûõ ïîðîä. Ñäåëàíû âûâîäû, êîòîðûå ðàñïðîñòðàíÿþòñÿ è íà äðóãèå ìíîãî-
ìåðíûå è ìíîãîôðîíòîâûå ïîñòàíîâêè çàäà÷è Ñòåôàíà. Ïðèâåäåíà ìàòåìàòè÷å-
ñêàÿ ìîäåëü, ïðåäñòàâëåíî êðàòêîå îïèñàíèå ðàññìàòðèâàåìûõ ÷èñëåííûõ ìåòî-
äîâ, óêàçàíû ãðàíèöû èõ ïðèìåíèìîñòè, äîñòîèíñòâà è íåäîñòàòêè. Ïîêàçàíî, 
÷òî èñïîëüçîâàíèå ÿâíîé ñõåìû ïðèâîäèò ê çíà÷èòåëüíîìó óâåëè÷åíèþ âðåìåíè 
ðàñ÷åòîâ, à øåñòèòî÷å÷íàÿ ñèììåòðè÷íàÿ ñõåìà ìîæåò äàâàòü êîëåáëþùååñÿ 
ðåøåíèå. Òàêèì îáðàçîì, äëÿ îäíîìåðíûõ îäíîôðîíòîâûõ çàäà÷ Ñòåôàíà íàèáî-
ëåå ýôôåêòèâíûì ÿâëÿåòñÿ ìåòîä ëîâëè ôðîíòà â óçåë ñåòêè ñ èñïîëüçîâàíèåì 
íåÿâíîé ñõåìû, à äëÿ ìíîãîìåðíûõ ìíîãîôðîíòîâûõ çàäà÷ — ìåòîä ýíòàëüïèé ñ 
èñïîëüçîâàíèåì íåÿâíîé ñõåìû, ðàçðàáîòàííûé àâòîðàìè.
All of the most well-known numerical methods for solving the Stefan’s problem, 
as well as a new method developed by the author are considered for the purpose of 
choosing the most efficient of them from a perspective of accuracy and computa-
tional speed. A comparison is carried out on the results of solving the problem for 
the boundary motion of “ice-water” phase transition around the vertical well pass-
ing through the thickness of permafrost. The conclusions, which are distributed to 
other multidimensional and multi-front statements of the Stefan’s problem, are made. 
The mathematical model, the brief description of the considered numerical methods 
and the boundaries of their applicability are presented. The comparison shows the 
advantages and disadvantages of different methods. It is demonstrated that the use 
of the explicit scheme leads to a marked increase in computation time, the six-point 
symmetric scheme may have oscillating solution; therefore, the implicit scheme is the 
most preferred. It is concluded that the most efficient method for one-dimensional 
and one front Stefan’s problems is the method of catching the front in the grid node 
using the implicit scheme, and the most efficient method for multi-dimensional and 
multi-front Stefan’s problems is the enthalpy method using the implicit scheme, which 
has been developed by the author.
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Ââåäåíèå
Â êîíöå XIX â. àâñòðèéñêèé ôèçèê è ìàòåìàòèê Éîçåô Ñòåôàí ïðåäñòàâèë 
êëàññ çàäà÷, ïîñâÿùåííûõ ôîðìèðîâàíèþ ëüäà. Âïîñëåäñòâèè çàäà÷è ñ ïîä-
âèæíûìè ìåæôàçíûìè ãðàíèöàìè ñòàëè íàçûâàòü çàäà÷àìè Ñòåôàíà [1, 15]. 
Â íàñòîÿùåå âðåìÿ ïîä çàäà÷åé Ñòåôàíà ïîíèìàþò êëàññ ìàòåìàòè÷åñêèõ ìî-
äåëåé, îïèñûâàþùèõ òåïëîâûå, äèôôóçèîííûå èëè òåðìîäèôôóçèîííûå ïðî-
öåññû, ñîïðîâîæäàþùèåñÿ ôàçîâûìè ïðåâðàùåíèÿìè ñ ïîãëîùåíèåì èëè âû-
äåëåíèåì ñêðûòîé òåïëîòû [2]. Ê íèì îòíîñÿòñÿ:
ñóøêà, êðèñòàëëèçàöèÿ è ñóáëèìàöèÿ, ÿâëÿþùèåñÿ îñíîâíûìè ïðîöåñ- 
ñàìè õèìè÷åñêîé òåõíîëîãèè è øèðîêî èñïîëüçóþùèåñÿ â ðàçíîîáðàçíûõ 
ïðîìûøëåííûõ àïïàðàòàõ [5];
èñïàðèòåëüíîå îõëàæäåíèå [9]; 
ïðîìåðçàíèå è/èëè îòòàèâàíèå ãðóíòîâ [6] è äð. 
Àíàëèòè÷åñêîå (àâòîìîäåëüíîå) ðåøåíèå çàäà÷è Ñòåôàíà ìîæíî ïîëó÷èòü 
ëèøü äëÿ ìàëîãî ÷èñëà ïîñòàíîâîê, ïîýòîìó â áîëüøèíñòâå ñëó÷àåâ íåîáõîäè-
ìî ïðèìåíÿòü ÷èñëåííûå ìåòîäû, êîòîðûõ äîñòàòî÷íî ìíîãî [2, 7, 8, 10, 11, 13], 
íî ðàáîò, â êîòîðûõ áû áûë ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ýòèõ ìåòîäîâ, íå 
áûëî íàéäåíî. Â ñâÿçè ñ ýòèì ðàçóìíî ïðîâåñòè òàêîé àíàëèç, è îñóùåñòâèòü 
âûáîð íàèáîëåå ýôôåêòèâíîãî ÷èñëåííîãî ìåòîäà äëÿ ðåøåíèÿ çàäà÷ Ñòåôàíà, 
ñî÷åòàþùåãî âûñîêóþ òî÷íîñòü è ñêîðîñòü ðàñ÷åòîâ. Íà ïðèìåðå ðåøåíèÿ îäíî-
ìåðíîé ðàäèàëüíîé äâóõôàçíîé çàäà÷è Ñòåôàíà (ïðèìåíèòåëüíî ê ïðîòàèâàíèþ 
ìåðçëîãî ãðóíòà, îêðóæàþùåãî âåðòèêàëüíûé êàíàë ñ òåïëîíîñèòåëåì) ïðîâî-
äèòñÿ ñðàâíåíèå 7 ÷èñëåííûõ ìåòîäîâ, â òîì ÷èñëå íîâîãî, ðàçðàáîòàííîãî 
àâòîðàìè (Ìåòîä 2). Ïÿòü èç íèõ — èäåéíî ðàçíûå, â äâóõ ïàðàõ ïîäõîäû 
ñõîæèå, íî îíè ðåàëèçîâàíû ñ èñïîëüçîâàíèåì ðàçíûõ ñõåì.
Ïîñòàíîâêà çàäà÷è
Ïóñòü èìååòñÿ âåðòèêàëüíàÿ ñêâàæèíà, ïðîõîäÿùàÿ ñêâîçü òîëùó ìíîãî-
ëåòíèõ ìåðçëûõ ïîðîä (ÌÌÏ). Â ðåçóëüòàòå òåïëîîáìåíà ìåæäó ãàçîæèäêîñò-
íîé ñìåñüþ, äâèæóùåéñÿ â ñêâàæèíå, è ìåðçëûì ãðóíòîì, ïðîèñõîäèò åãî 
ïðîòàèâàíèå. Ïðèìåì ñëåäóþùèå äîïóùåíèÿ: ïîðîäû îäíîðîäíû è èçîòðîïíû; 
ïëîòíîñòü ìåðçëîé ðàâíà ïëîòíîñòè òàëîé; òåïëî ïåðåäàåòñÿ òîëüêî çà ñ÷åò 
òåïëîïðîâîäíîñòè; ïðè äâèæåíèè ôðîíòà ôàçîâûõ ïåðåõîäîâ â ÌÌÏ íå ïðîèñ-
õîäèò ìàññîïåðåíîñà æèäêèõ ôëþèäîâ. Òîãäà óðàâíåíèÿ òåïëîïðîâîäíîñòè â 
òàëîé (1) è ìåðçëîé (2) çîíàõ, íà÷àëüíîå (3) è ãðàíè÷íûå (4, 5) óñëîâèÿ, à òàê-
æå çàêîí äâèæåíèÿ ãðàíèöû ðàçäåëà òàëîé è ìåðçëîé ïîðîä (6) ìîãóò áûòü 
çàïèñàíû â âèäå [3, 4, 14]:
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ãäå t, r — âðåìåííàÿ è ðàäèàëüíàÿ êîîðäèíàòû; Ti , ci è λi (i = th, fr) — òåìïå-
ðàòóðà, êîýôôèöèåíòû òåïëîåìêîñòè è òåïëîïðîâîäíîñòè â òàëîé è ìåðçëîé 
çîíàõ ñîîòâåòñòâåííî; ρ — ïëîòíîñòü ïîðîäû; Rc è Rth — âíåøíèé ðàäèóñ êà-
íàëà è ðàäèóñ ïðîòàÿâøåé çîíû; α — êîýôôèöèåíò òåïëîïåðåäà÷è îò òåïëî-
íîñèòåëÿ ê îêðóæàþùåé ïîðîäå; Tgeo, Th, T0 — íà÷àëüíàÿ òåìïåðàòóðà ïîðîäû, 
òåìïåðàòóðà òåïëîíîñèòåëÿ è òåìïåðàòóðà íà ãðàíèöå êàíàëà è ïîðîäû ñîîò-
âåòñòâåííî; w — ëüäîñîäåðæàíèå ìåðçëîé ïîðîäû; L — óäåëüíàÿ òåïëîòà òàÿ-
íèÿ ëüäà.
Êðàòêîå îïèñàíèå ñðàâíèâàåìûõ ÷èñëåííûõ ìåòîäîâ
1) Ìåòîä ýíòàëüïèé + ÿâíàÿ ñõåìà [11].
Óðàâíåíèÿ (1) è (2) çàìåíÿþòñÿ îäíèì óðàâíåíèåì äëÿ ýíòàëüïèè H:
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Äàííîå óðàâíåíèå ðåøàåòñÿ ñ èñïîëüçîâàíèåì ÿâíîé ñõåìû, ïðè ýòîì íà 
êàæäîì øàãå ïî âðåìåíè ïîñëå ðàñ÷åòà H îïðåäåëÿåòñÿ òåìïåðàòóðà:
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Äàííûé ìåòîä äîñòàòî÷íî ïðîñò â ÷èñëåííîé ðåàëèçàöèè, ïðèìåíèì äëÿ 
ìíîãîìåðíûõ è ìíîãîôðîíòîâûõ çàäà÷ (â ïîñëåäíèõ äîáàâëÿþòñÿ äîïîëíèòåëü-
íûå óñëîâèÿ äëÿ ðàñ÷åòà òåìïåðàòóð èç ýíòàëüïèé), çàäà÷ ñ êîíâåêöèåé, ìíîãî-
ôàçíûõ, ñ ó÷åòîì àäèàáàòè÷åñêîãî îõëàæäåíèÿ è äðîññåëèðîâàíèÿ, — â îáùåì, 
âñåõ çàäà÷, äëÿ êîòîðûõ âîçìîæíî ðåøåíèå óðàâíåíèÿ ýíåðãèè.
2) Ìåòîä ýíòàëüïèé + íåÿâíàÿ ñõåìà [11].
Ýòî àâòîðñêèé ìåòîä, ñîãëàñíî êîòîðîìó âî âñåé îáëàñòè ðåøàåòñÿ óðàâíå-
íèå ýíåðãèè è íàõîäèòñÿ ðàñïðåäåëåíèå òåìïåðàòóðû áåç ó÷åòà ôàçîâûõ ïðå-
âðàùåíèé (ïðîòàèâàíèå, ïðîìåðçàíèå ïîðîä è äð.). Çàòåì, çíàÿ Ti
k+1, ðàññ÷èòû-
âàþòñÿ ýíòàëüïèè:
  kikikikiki TTcHH   11 U ,
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ïîñëå ÷åãî òåìïåðàòóðû ïåðåñ÷èòûâàþòñÿ ñëåäóþùèì îáðàçîì, ÷òî ïîçâîëÿåò 
ó÷åñòü ôàçîâûå ïåðåõîäû:
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Ìåòîä ïîñëåäíèõ âñåõ çàäà÷, êîòîðûå èçíà÷àëüíî ìîæíî ðåøèòü áåç ó÷åòà 
ôàçîâûõ ïðåâðàùåíèé.
3) Ìåòîä ëîâëè ôðîíòà â óçåë ñåòêè [7, 10] + íåÿâíàÿ ñõåìà [11].
Èäåÿ ñîñòîèò â òîì, ÷òî íà êàæäîì âðåìåííîì ñëîå èòåðàöèîííî ïîäáèðà-
åòñÿ øàã ïî âðåìåíè, çà êîòîðûé ôðîíò ôàçîâîãî ïåðåõîäà ïåðåìåñòèòñÿ íà îäèí 
øàã ïî ïðîñòðàíñòâåííîé êîîðäèíàòå. Ê äàííîìó ìåòîäó ïðèìåíèìû òîëüêî 
àáñîëþòíî óñòîé÷èâûå ðàçíîñòíûå ñõåìû, ò. ê. äëÿ óñëîâíî óñòîé÷èâûõ, âñëåä-
ñòâèå ïîäáîðà øàãà ïî âðåìåíè, ìîæåò íå âûïîëíÿòüñÿ óñëîâèå ñõîäèìîñòè.
Ìåòîä ïðèìåíèì òîëüêî äëÿ îäíîìåðíûõ è îäíîôðîíòîâûõ çàäà÷.
4) Ìåòîä ëîâëè ôðîíòà â óçåë ñåòêè [7, 10] + øåñòèòî÷å÷íàÿ ñèììåòðè÷íàÿ 
ñõåìà [11].
Äàííûé ìåòîä àíàëîãè÷åí ïðåäûäóùåìó, íî â íåì èñïîëüçóåòñÿ øåñòèòî-
÷å÷íàÿ ñèììåòðè÷íàÿ ñõåìà. Ïðèìåíèì òîëüêî äëÿ îäíîìåðíûõ è îäíîôðîíòî-
âûõ çàäà÷.
5) Êâàçèñòàöèîíàðíûé ïîäõîä + íåÿâíàÿ ñõåìà [11].
Ïðè òàêîì ïîäõîäå äåëàåòñÿ äîïîëíèòåëüíîå äîïóùåíèå, ÷òî â òàëîé çîíå, 
âñëåäñòâèå åå ìàëîé ïðîòÿæåííîñòè è äëèòåëüíîãî âðåìåíè ïðîòàèâàíèÿ, ìîæ-
íî èñïîëüçîâàòü ñòàöèîíàðíîå óðàâíåíèå òåïëîïðîâîäíîñòè. Òîãäà óðàâíåíèÿ 
çàïèøóòñÿ â âèäå:
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ãäå (7) — ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â òàëîé çîíå; (8) — ñòà-
öèîíàðíîå ðàñïðåäåëåíèå òåìïåðàòóðû â ìàëîé ÷àñòè íà÷àëà ìåðçëîé çîíû 
(äëèíà èíòåðâàëà, â êîòîðîì èñïîëüçóåòñÿ ýòî óðàâíåíèå, íå áîëüøå øàãà ïî 
ïðîñòðàíñòâåííîé ïåðåìåííîé (≤ Δr); J — èíäåêñ ïåðâîãî óçëà ñåòêè ïîñëå 
ðàäèóñà ïðîòàèâàíèÿ); (9) — óðàâíåíèå òåïëîïðîâîäíîñòè â ìåðçëîé çîíå. 
Îñòàëüíûå óðàâíåíèÿ àíàëîãè÷íû óðàâíåíèÿì (3)-(6).
Ïðèìåíèìîñòü ýòîãî ìåòîäà íóæíî îöåíèâàòü äëÿ êàæäîé êîíêðåòíîé ïî-
ñòàíîâêè.
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6) Ìåòîä âûïðÿìëåíèÿ ôðîíòà [7, 10] + íåÿâíàÿ ñõåìà [11].
Èäåÿ çàêëþ÷àåòñÿ â çàìåíå ïåðåìåííûõ, ÷òîáû çàäà÷à ðåøàëàñü â ôèêñè-
ðîâàííîé îáëàñòè.
Ìåòîä ïðèìåíèì äëÿ ðåøåíèÿ îäíîìåðíûõ ìíîãîôðîíòîâûõ çàäà÷. Â 
[10] ðàññìîòðåíî åãî ïðèìåíåíèå äëÿ ðåøåíèÿ äâóìåðíîé îäíîôðîíòîâîé 
çàäà÷è.
7) Ìåòîä ñãëàæèâàíèÿ êîýôôèöèåíòîâ [7, 10] + íåÿâíàÿ ñõåìà [11].
Âî âñåé îáëàñòè ðåøàåòñÿ óðàâíåíèå òåïëîïðîâîäíîñòè ñî ñãëàæåííûìè 
êîýôôèöèåíòàìè òåïëîåìêîñòè è òåïëîïðîâîäíîñòè, êîòîðûå îïðåäåëÿþòñÿ 
ñëåäóþùèì îáðàçîì:
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ãäå Δ — ïàðàìåòð ñãëàæèâàíèÿ. Ñ äðóãèìè âàðèàíòàìè ñãëàæèâàíèÿ, à òàêæå 
ñ âûáîðîì åãî ïàðàìåòðà ìîæíî îçíàêîìèòüñÿ â [7].
Ìåòîä ïðèìåíèì äëÿ ìíîãîìåðíûõ è ìíîãîôðîíòîâûõ çàäà÷.
Ñðàâíåíèå ìåòîäîâ
Ïðîâîäèëîñü ñ ïîìîùüþ ðàçðàáîòàííîé ïðîãðàììû, êîòîðàÿ ðàññ÷èòûâàåò 
ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî ðàäèàëüíîé êîîðäèíàòå, à òàêæå âûäàåò âðåìÿ 
ðàñ÷åòîâ. Ðàñ÷åòû ïðîâîäèëèñü ïðè ñëåäóþùèõ ïàðàìåòðàõ: Th = 50°C; α = 10 Âò/
(ì·Ê); Rc = 0,1 ì; Tgeo = -5°C; ρ = 2000 êã/ì3; w = 0.25; L = 330000 Äæ/êã; 
cfr = 1000 Äæ/(êã·Ê); cth = 1380 Äæ/(êã·Ê); λfr = 1,85 Âò/(ì·Ê); λth = 1,64 Âò/
(ì·Ê); r = 100 ì; Δr = 0,01 ì; Δt = 50 ñ (äëÿ ÿâíîé ñõåìû); Δt = 5000 ñ (äëÿ íå-
ÿâíîé ñõåìû). Ðàñ÷åòíûé ïåðèîä, åñëè íå îãîâîðåíî äîïîëíèòåëüíî, ñîñòàâëÿåò 
5 ëåò.
Íà ðèñ. 1 ïðåäñòàâëåíû ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî ðàäèàëüíîé êîîðäè-
íàòå, ðàññ÷èòàííûå ðàçëè÷íûìè ìåòîäàìè.
Ðèñ. 1 ïîêàçûâàåò, ÷òî âñå ìåòîäû äàþò êà÷åñòâåííî è êîëè÷åñòâåííî ïî-
õîæèå ðåçóëüòàòû. Äëÿ áîëåå ïîäðîáíîãî ñðàâíåíèÿ íà ðèñ. 2 è â òàáë. 1 ïðåä-
ñòàâëåíû ðàñïðåäåëåíèÿ òåìïåðàòóðû ãðóíòà âáëèçè ñêâàæèíû. Òàêæå íà ðèñ. 3, 
â òàáë. 2 è òàáë. 3 ïðèâåäåíû ðàñïðåäåëåíèÿ òåìïåðàòóðû ãðóíòà âáëèçè ôðîí-
òà ïðîòàèâàíèÿ.
Èç ðèñ. 2 è òàáë. 1 âèäíî, ÷òî:
Ìåòîä 4 äàåò êîëåáëþùååñÿ ðàñïðåäåëåíèå òåìïåðàòóðû. Ýòî ÿâëÿåòñÿ  
îñîáåííîñòüþ ïîâåäåíèÿ ðåøåíèÿ, ïîëó÷åííîãî ñ ïîìîùüþ øåñòèòî÷å÷íîé 
ñèììåòðè÷íîé ñõåìû ïðè áîëüøèõ øàãàõ ïî âðåìåíè, êîòîðûå âîçíèêà-
þò ïðè ðåøåíèè ìåòîäîì ëîâëè ôðîíòà â óçåë ñåòêè. Òàêèì îáðàçîì, äëÿ 
äàííîãî ìåòîäà ïðåäïî÷òèòåëüíåé èñïîëüçîâàòü ïîëíîñòüþ íåÿâíóþ ñõå-
ìó, êîòîðàÿ ëèøåíà óêàçàííîãî íåäîñòàòêà;
çíà÷åíèÿ òåìïåðàòóðû, ðàññ÷èòàííûå Ìåòîäîì 5, íåìíîãî çàíèæåíû  
(~0.1 °C). Ïðè÷èíîé ÿâëÿåòñÿ ïîãðåøíîñòü èç-çà äîïîëíèòåëüíîãî äî-
ïóùåíèÿ ìåòîäà î êâàçèñòàöèîíàðíîñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû â 
òàëîé çîíå;
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ðåçóëüòàòû âñåõ îñòàëüíûõ ìåòîäîâ îòëè÷àþòñÿ ñîâåðøåííî íåçíà÷èòåëü- 
íî (~0.01°C).
Àíàëèç ðèñ. 3, òàáë. 2 è 3 ïîêàçûâàåò, ÷òî:
ïðè ðàñ÷åòå   Ìåòîäîì 2 ïîëó÷àåòñÿ ðåçêèé ðàçðûâ (ñ 0.13°C äî 0°C â ñî-
ñåäíèõ óçëàõ ñåòêè) è ïðîòÿæåííàÿ çîíà ñ íóëåâîé òåìïåðàòóðîé, ÷òî 
ÿâëÿåòñÿ åãî íåäîñòàòêîì. Óñòðàíèòü åãî ìîæíî, åñëè ïîñëå ðàñ÷åòîâ 
ëèíåéíî ýêñòðàïîëèðîâàòü äî íóëÿ ïîñëåäíèå ïîëîæèòåëüíûå çíà÷åíèÿ 
òåìïåðàòóðû (â äàííîì ñëó÷àå — 0.15°C è 0.13°C), è ïîñëå íèõ ïîäñòà-
âèòü îòðèöàòåëüíûå çíà÷åíèÿ, êîòîðûå íàõîäÿòñÿ ïîñëå ïðîòÿæåííîé 
Ðèñ. 1. Ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî ðàäèàëüíîé êîîðäèíàòå
Ðèñ. 2. Ðàñïðåäåëåíèÿ òåìïåðàòóðû 
ïî ðàäèàëüíîé êîîðäèíàòå âáëèçè ñêâàæèíû
Ðèñ. 3. Ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî ðàäèàëüíîé êîîðäèíàòå 
âáëèçè ôðîíòà ïðîòàèâàíèÿ
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çîíû ñ íóëåâîé òåìïåðàòóðîé. Ðåçóëüòàò ýòîãî ïðåäñòàâëåí â ïîñëåäíèõ 
ñòðîêàõ òàáë. 2 è 3 (Ìåòîä 2+). Ìåòîä 2 â äàëüíåéøåì ñðàâíèâàåòñÿ ñ 
ó÷åòîì ýêñòðàïîëÿöèè;
Ì  åòîä 5 äàåò íåìíîãî çàâûøåííûå çíà÷åíèÿ òåìïåðàòóðû (~0.1°C) è çà-
âûøåííîå æå çíà÷åíèå ðàäèóñà ïðîòàèâàíèÿ (~10 ñì). Ïðè÷èíîé ýòîãî 
ÿâëÿåòñÿ ïîãðåøíîñòü âñëåäñòâèå äîïîëíèòåëüíîãî äîïóùåíèÿ ìåòîäà î 
êâàçèñòàöèîíàðíîñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû â òàëîé çîíå;
ðåçóëüòàòû âñåõ îñòàëüíûõ ìåòîäîâ îòëè÷àþòñÿ ñîâåðøåííî íåçíà÷è- 
òåëüíî (~0.01°C ïî òåìïåðàòóðå è ìàêñèìóì 1 ñì ïî ðàäèóñó ïðîòàè-
âàíèÿ).
Òàáëèöà 1
Çíà÷åíèÿ òåìïåðàòóðû ãðóíòà âáëèçè ñêâàæèíû
r, ì 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2
Ìåòîä 1 39.79 38.79 37.89 37.06 36.29 35.57 34.9 34.27 33.67 33.11 32.57
Ìåòîä 2 39.79 38.8 37.89 37.06 36.29 35.57 34.9 34.27 33.67 33.11 32.58
Ìåòîä 3 39.79 38.8 37.89 37.06 36.29 35.57 34.9 34.27 33.67 33.11 32.58
Ìåòîä 4 39.52 38.51 38.48 36.5 36.77 35.14 35.3 33.9 34.02 32.79 32.88
Ìåòîä 5 39.47 38.5 37.61 36.79 36.03 35.33 34.67 34.05 33.47 32.91 32.39
Ìåòîä 6 39.79 38.8 37.89 37.06 36.29 35.57 34.9 34.27 33.68 33.11 32.58
Ìåòîä 7 39.78 38.79 37.89 37.05 36.28 35.56 34.89 34.26 33.67 33.1 32.57
Òàáëèöà 2
Çíà÷åíèÿ òåìïåðàòóðû ãðóíòà âáëèçè ôðîíòà ïðîòàèâàíèÿ — 1
r, ì 4.6 4.61 4.62 4.63 4.64 4.65 4.66 4.67 4.68 4.69 4.7
Ìåòîä 1 0.15 0.13 0.11 0.08 0.06 0.04 0.02 0 -0.01 -0.01 -0.02
Ìåòîä 2 0.15 0.13 0 0 0 0 0 0 0 0 0
Ìåòîä 3 0.15 0.13 0.11 0.09 0.06 0.04 0.02 0 -0.01 -0.01 -0.02
Ìåòîä 4 0.16 0.13 0.12 0.09 0.08 0.04 0.04 0 -0.01 -0.01 -0.02
Ìåòîä 5 0.35 0.33 0.31 0.29 0.27 0.24 0.22 0.2 0.18 0.16 0.13
Ìåòîä 6 0.16 0.13 0.11 0.09 0.07 0.05 0.03 0.01 -0.01 -0.01 -0.02
Ìåòîä 7 0.13 0.11 0.09 0.07 0.05 0.03 0.02 0 -0.01 -0.02 -0.04
Ìåòîä 2+ 0.15 0.13 0.11 0.09 0.07 0.05 0.02 0 -0.01 -0.02 -0.03
171Численные методы решения задачи ...
Ôèçèêî-ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå. Íåôòü, ãàç, ýíåðãåòèêà. 2015. Òîì 1. ¹ 1(1)
Â òàáë. 4 ïðèâåäåíû çíà÷åíèÿ ðàäèóñà ïðîòàèâàíèÿ, â òàáë. 5 — âðåìåíà 
ðàñ÷åòîâ, ïîëó÷åííûå ðàçëè÷íûìè ìåòîäàìè íà ðàçíûå ìîìåíòû âðåìåíè.
Òàáëèöà 4
Ðàäèóñû ïðîòàèâàíèÿ (ì)
t, ãîä Ìåòîä 1 Ìåòîä 2+ Ìåòîä 3 Ìåòîä 4 Ìåòîä 5 Ìåòîä 6 Ìåòîä 7
1 2.33 2.33 2.33 2.33 2.38 2.34 2.34
2 3.13 3.14 3.14 3.14 3.21 3.14 3.14
3 3.74 3.74 3.74 3.74 3.82 3.75 3.74
4 4.23 4.24 4.24 4.24 4.33 4.24 4.24
5 4.67 4.67 4.67 4.67 4.77 4.68 4.67
6 5.05 5.06 5.06 5.06 5.16 5.06 5.06
7 5.41 5.41 5.41 5.41 5.52 5.41 5.41
8 5.73 5.74 5.74 5.74 5.85 5.74 5.74
9 6.03 6.04 6.04 6.04 6.16 6.04 6.04
10 6.32 6.32 6.33 6.33 6.45 6.33 6.33
Òàáëèöà 3
Çíà÷åíèÿ òåìïåðàòóðû ãðóíòà âáëèçè ôðîíòà ïðîòàèâàíèÿ — 2
r, ì 4.71 4.72 4.73 4.74 4.75 4.76 4.77 4.78 4.79 4.8
Ìåòîä 1 -0.03 -0.04 -0.04 -0.05 -0.06 -0.07 -0.07 -0.08 -0.09 -0.1
Ìåòîä 2 0 0 0 -0.01 -0.02 -0.03 -0.03 -0.04 -0.05 -0.06
Ìåòîä 3 -0.03 -0.04 -0.04 -0.05 -0.06 -0.07 -0.07 -0.08 -0.09 -0.09
Ìåòîä 4 -0.03 -0.04 -0.04 -0.05 -0.06 -0.07 -0.07 -0.08 -0.09 -0.09
Ìåòîä 5 0.11 0.09 0.07 0.05 0.03 0.01 -0.01 -0.01 -0.02 -0.03
Ìåòîä 6 -0.03 -0.03 -0.04 -0.05 -0.06 -0.06 -0.07 -0.08 -0.09 -0.09
Ìåòîä 7 -0.05 -0.06 -0.07 -0.08 -0.09 -0.09 -0.1 -0.11 -0.12 -0.12
Ìåòîä 2+ -0.03 -0.04 -0.05 -0.06 -0.06 -0.07 -0.08 -0.08 -0.09 -0.1
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Òàáëèöà 5
Âðåìåíà ðàñ÷åòîâ (ñ)
t, ãîä Ìåòîä 1 Ìåòîä 2+ Ìåòîä 3 Ìåòîä 4 Ìåòîä 5 Ìåòîä 6 Ìåòîä 7
1 104 5 1 1.5 2 27 6
2 243 10 1.2 1.9 4 40 13
3 333 15 1.4 2.2 6 50 19
4 462 19 1.6 2.4 8 59 26
5 544 24 1.7 2.6 11 67 31
6 657 30 1.9 2.9 13 75 39
7 781 35 2 3 14 83 44
8 900 40 2.1 3.2 17 93 50
9 923 46 2.2 3.4 19 100 57
10 1123 51 2.3 3.5 20 104 63
Èç òàáë. 4 âèäíî, ÷òî Ìåòîä 5 äàåò çàâûøåííûå çíà÷åíèÿ ðàäèóñà ïðîòàè-
âàíèÿ (~10 ñì) ïî ïðè÷èíå ïîãðåøíîñòè âñëåäñòâèå äîïîëíèòåëüíîãî äîïóùåíèÿ 
äëÿ ìåòîäà î êâàçèñòàöèîíàðíîñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû â òàëîé çîíå. 
Ðàäèóñû ïðîòàèâàíèÿ, ïîëó÷åííûå ñ ïîìîùüþ îñòàëüíûõ ìåòîäîâ, ïðàêòè÷åñêè 
íå îòëè÷àþòñÿ (ìàêñèìàëüíàÿ ðàçíèöà 1 ñì).
Òàáë. 5 ïîêàçûâàåò, ÷òî íàèáîëüøåå âðåìÿ ðàñ÷åòà ó Ìåòîäà 1. Ýòî îáúÿñ-
íÿåòñÿ òåì, ÷òî èñïîëüçóåòñÿ ÿâíàÿ ñõåìà, êîòîðàÿ ÿâëÿåòñÿ óñëîâíî óñòîé÷èâîé, 
è äëÿ åå ñõîäèìîñòè íåîáõîäèì ìàëûé øàã ïî âðåìåíè. Ìåòîä ëîâëè ôðîíòà â 
óçåë ñåòêè çíà÷èòåëüíî ïðåâîñõîäèò äðóãèå ìåòîäû â ñêîðîñòè ðàñ÷åòà, ò. ê. â 
íåì äîñòèãàþòñÿ áîëüøèå øàãè ïî âðåìåíè, êîòîðûå, òåì íå ìåíåå, íå ïðèâîäÿò 
ê çíà÷èòåëüíûì ïîãðåøíîñòÿì.
Èñõîäÿ èç äàííûõ òàáë. 5, ðàñïîëîæèì âñå ìåòîäû â ïîðÿäêå óáûâàíèÿ 
ñêîðîñòè ðàñ÷åòà (öèôðà â êîíöå — âî ñêîëüêî ðàç, â ñðåäíåì, âðåìÿ ðàñ÷åòà 
áîëüøå, ÷åì ó íàèáûñòðåéøåãî ìåòîäà):
Ìåòîä 3 (ëîâëÿ ôðîíòà â óçåë ñåòêè + íåÿâíàÿ ñõåìà) — 1;1) 
Ìåòîä 4 (ëîâëÿ ôðîíòà â óçåë ñåòêè + øåñòèòî÷å÷íàÿ ñèììåòð. ñõåìà) — 2) 
1.5;
Ìåòîä 5 (êâàçèñòàöèîíàðíûé ïîäõîä + íåÿâíàÿ ñõåìà) — 6.6;3) 
Ìåòîä 2+ (ýíòàëüïèè + íåÿâíàÿ ñõåìà) — 15.8;4) 
Ìåòîä 7 (ñãëàæèâàíèå êîýôôèöèåíòîâ + íåÿâíàÿ ñõåìà) — 20;5) 
Ìåòîä 6 (âûïðÿìëåíèå ôðîíòà + íåÿâíàÿ ñõåìà) — 40.1;6) 
Ìåòîä 1 (ýíòàëüïèè + ÿâíàÿ ñõåìà) — 348.9.7) 
Â ðåçóëüòàòå ðàñ÷åòîâ ðàñïðåäåëåíèÿ òåìïåðàòóðû è ðàäèóñà ïðîòàèâàíèÿ 
âîêðóã âåðòèêàëüíîé äîáûâàþùåé ñêâàæèíû ñ èñïîëüçîâàíèåì ìåòîäîâ «Ýí-
òàëüïèÿ + íåÿâíàÿ ñõåìà» è «Ñãëàæèâàíèå êîýôôèöèåíòîâ» áûë âûÿâëåí íåäî-
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ñòàòîê ïîñëåäíåãî ìåòîäà, êîòîðûé ïðè íåêîòîðûõ çíà÷åíèÿõ íà÷àëüíûõ ïàðà-
ìåòðîâ äàåò íåâåðíîå ðåøåíèå, êîòîðîå, òåì íå ìåíåå, ìîæíî óëó÷øèòü ïóòåì 
ïîäáîðà ïàðàìåòðà ñãëàæèâàíèÿ (ðèñ. 4). Äàííûé íåäîñòàòîê ïðîÿâèëñÿ, êîãäà 
íà÷àëüíàÿ òåìïåðàòóðà îêðóæàþùåé ñêâàæèíó ïîðîäû áûëà áëèçêà ê òåìïå-
ðàòóðå ôàçîâîãî ïðåâðàùåíèÿ.
Ðèñ. 4. Ðàñïðåäåëåíèÿ ïî ãëóáèíå è ðàäèàëüíîé êîîðäèíàòå 
òåìïåðàòóðû â ñêâàæèíå è ÌÌÏ íà 30 ñóòêè ýêñïëóàòàöèè. 
Çåëåíûå ñòîëáöû — òåìïåðàòóðà â ñêâàæèíå, 
ñèíèå — òåìïåðàòóðà â ÌÌÏ. 
×åðíîé ëèíèåé ïîêàçàíà ãðàíèöà ïðîòàèâàíèÿ
Âûâîäû
Íà îñíîâå ðåçóëüòàòîâ ñðàâíèòåëüíîãî àíàëèçà 7 ÷èñëåííûõ ìåòîäîâ ñäå-
ëàíû ñëåäóþùèå âûâîäû:
1) èñïîëüçîâàíèå ÿâíîé ñõåìû ïðèâîäèò ê çíà÷èòåëüíîìó óâåëè÷åíèþ âðå-
ìåíè ðàñ÷åòîâ, à øåñòèòî÷å÷íàÿ ñèììåòðè÷íàÿ ñõåìà ìîæåò äàâàòü êîëåáëþ-
ùååñÿ ðåøåíèå. Òàêèì îáðàçîì, íàèëó÷øåé ÿâëÿåòñÿ íåÿâíàÿ ñõåìà;
2) äëÿ îäíîìåðíûõ îäíîôðîíòîâûõ çàäà÷ Ñòåôàíà íàèáîëåå ýôôåêòèâíûì 
÷èñëåííûì ìåòîäîì (èç ðàññìîòðåííûõ) ÿâëÿåòñÿ ìåòîä ëîâëè ôðîíòà â óçåë 
ñåòêè ñ èñïîëüçîâàíèåì íåÿâíîé ñõåìû;
3) äëÿ ìíîãîìåðíûõ ìíîãîôðîíòîâûõ çàäà÷ Ñòåôàíà íàèáîëåå ýôôåêòèâ-
íûìè ÷èñëåííûìè ìåòîäàìè ÿâëÿþòñÿ ìåòîä ýíòàëüïèé ñ èñïîëüçîâàíèåì íå-
ÿâíîé ñõåìû (èìååòñÿ óñòðàíèìûé íåäîñòàòîê, ïðèâåäåííûé â ñòàòüå), à òàêæå 
ìåòîä ñãëàæèâàíèÿ êîýôôèöèåíòîâ ñ èñïîëüçîâàíèåì íåÿâíîé ñõåìû (âî èç-
áåæàíèå íåâåðíîãî ðåçóëüòàòà âû÷èñëåíèé íåîáõîäèìî ïðàâèëüíî ïîäîáðàòü 
ïàðàìåòð ñãëàæèâàíèÿ äëÿ êàæäîé êîíêðåòíîé çàäà÷è è íà÷àëüíûõ óñëîâèé).
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